We consider isotropic static distributions of a given electric charge in a sphere and show that the minimal energy occurs for the uniform surface distribution, as in a charged spherical conductor in electrostatic equilibrium. Moreover, we show that the energy of such uniform distribution is minimal and stationary with respect to perturbations of the charge density, in particular dipole fluctuations. We argue that the use of the minimum energy principle to explain static distributions of electric charge provides interesting physical insights.
Introduction
In any course of electrostatics, students learn how charges get distributed in a solid conductor. If a certain electric charge, Q, made out of an arbitrary number of charges, is placed in a conductor, the charges show up only at the surface of the body when electrostatic equilibrium is achieved. Intuitively, the surface distribution seems to provide the largest average distance between all charges and this is usually a convincing argument: charges of the same sign repel each other, so they move and remain as far as possible from each other.
The issue of charge distributions is a topic of modern pedagogical analysis [1] . We think that it is worth addressing the problem from the point of view of the energy, which is subjacent, but not explicit, in the argument presented above. It is the purpose of this paper to show the minimum energy principle 'at work' in systems of static charges. We deem that this is an interesting approach, which is not common in the literature and, presumably, in the classroom.
When electric charges are placed in a conducting material, they move until a final state with minimal energy, compatible with the existing conditions, is reached. In this paper we consider examples of charge distributions, whose analysis illustrates the minimum energy principle, still keeping mathematics at a simple level. More general discussions would require a heavier formalism that would obscure the physics we want to emphasize.
In section 2 we consider isotropic charge distributions in spherical volumes and show that the energy of the system of charges is lowest for the surface distribution. In section 3 we study dipole perturbations on top of an isotropic charge distribution to conclude that the spherical symmetry yields the minimal energy. We present our conclusions in section 4.
Isotropic charge distributions
The energy of a continuous distribution of electric charge may be expressed in terms of the electric field as [2] :
where ε 0 is the vacuum permittivity, E is the electric field created by the charges, and the volume integral extends over all space. For a total charge Q uniformly distributed on a spherical surface of radius R, the electric field is
and equation (1) yields
Let us now consider a uniform distribution of the same total electric charge, Q, in a shell, i.e. between two concentric spheres of radius R and a, with 0 a R. Due to the isotropic distribution of charge, the electric field is readily obtained using Gauss's Law:
where
is the electric charge in the volume between the sphere of radius a and a spherical Gaussian surface of radius r. Using the electric field (4) in equation (1) and performing the integration, one obtains
where x = a/R and the function f in (6) is given by
The limiting value x → 0, for which lim x→0 f = , corresponds to the uniformly charged sphere, whose energy is
Another interesting limit of expression (6) is x → 1. Using L'Hôpital's rule, one finds lim x→1 f = 0, and equation (3) surface, is recovered. Hence, equation (6) interpolates between U • and U • . In figure 1 we represent the function f (x), which is a monotonous decreasing function of the variable x.
From the energetic point of view, the distribution of the charge only at the surface is the most favourable one. This is precisely the distribution found in a charged spherical solid conductor in electrostatic equilibrium. The physical region for the parameter x is 0 x 1 and the energy U(x) is minimal for x = 1, but its derivative is not zero at this point. If x is regarded as a variational parameter, the energy variational principle, which reads dU dx = 0 in its usual formulation, does not apply because of the constraint imposed by the boundary of the sphere.
Equation (6) explicitly shows the contribution to the energy coming from the field 'inside' the sphere (r < R)-the f the in square brackets in (6)-and the contribution from 'outside'-the unity in the same square brackets. We restricted our discussion to a uniform charge distribution but, whatever isotropic charge distribution, ρ(r), is taken, the energy obtained from equation (1) is the sum of an 'internal' and an 'external' term:
The minimal energy is obtained for the surface charge distribution, i.e. for ρ = 0, because the first term (which is positive) vanishes in such a case.
Anisotropic distributions
The other issue to be addressed in this work concerns the isotropy of the charge distribution observed in a spherical conductor in static equilibrium. Usually, symmetry arguments are given to explain such a distribution: since space is isotropic, there should not be privileged directions and, therefore, the electric charge should not accumulate in a certain place of the surface of the sphere (with a decrease in other places, since the total charge is kept constant). Again, we can analyse the homogeneous charge distribution from an energetic point of view. That distribution yields the lowest energy, but now the energy functional is a stationary minimum: δU δσ = 0, when the surface charge density σ is constant (σ = Q 4πR 2 ). The proof of this statement on general grounds is intricate, but, once more, a simple example illustrating the general fact might be of pedagogical value.
In this spirit, let us imagine the following charge distribution at a spherical surface of radius R:
where a directional-dependent infinitesimal term is added to a constant term, still keeping the total charge equal to Q. The electrostatic potential is the sum of a monopole and a dipole term and, at r = R,
where the dipole moment points in the z direction:
The energy of the charge distribution (10) is more easily evaluated from [2]
which is equivalent to equation (1) . Inserting expressions (10) and (11), with p given by (12), into (13), one obtains (note thatê z ·R = cos θ)
Thus, adding an infinitesimal dipole to the uniform charge distribution results in an energy increase, which is quadratic in δ. Regarding δ as a variational parameter, the energy is stationary indeed:
dU dδ = 0, for δ = 0. This example illustrates the general fact: the energy is lowest for the uniform charge distribution, as it happens in a spherical conductor. Any other multipoles (quadrupole, octopole, etc) could be considered and the result would always be an energy increase.
Conclusions
We first considered isotropic charge distributions in a sphere and concluded that the minimal energy occurs for the surface distribution. Nevertheless, the energy is not stationary with respect to the thickness of the spherical shell occupied by the charge. Then we verified that the energy for the uniform charge distribution is stationary with respect to dipole fluctuations. In a conductor, since the charges are free to move, the final distribution of the charges is always the one with the lowest energy. In particular, for a conducting solid sphere, the charges get distributed isotropically at its surface.
The application of the ideas presented in this paper to more general situations might be technically difficult. However, we think that analysing the issue of the energetics of charge distributions in particular cases-as sometimes is done in research problems [3] -is not usual but provides interesting insights.
